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The properties of completely degenerate fields in the Conformal Toda Field Theory are studied. It is
shown that a generic four-point correlation function that contains only one such field does not satisfy ordinary
differential equation in contrast to the Liouville Field Theory. Some additional assumptions for other fields
are required. Under these assumptions we write such a differential equation and solve it explicitly. We use
the fusion properties of the operator algebra to derive a special set of three-point correlation function. The
result agrees with the semiclassical calculations.
PACS: 11.25.Hf
There are several motivations to study the Confor-
mal Toda Field Theory. This theory has a non-trivial
geometric formulation [1] and hence plays a significant
role in the quantization of non-critical strings with ex-
tended symmetry [2]. It also provides an example of a
theory with higher spin symmetry and hence has its own
interest. The algebra of generators of this symmetry(W
algebra) is closely related with rather general class of
integrable systems. It can be derived by quantization
of the second Hamiltonian structure of the generalized
KdV-type equations associated with algebras Lie [3, 4].
This symmetry manifests itself in rational Conformal
Field Theories (CFT) which describe the critical be-
havior of many interesting statistical systems like for
example Zn Ising models (parafermionic CFT [5]), tri-
critical Ising and Z3 Potts models, Ashkin-Teller models
etc. Known for many years and being applied to many
interesting problems in contemporary mathematics and
physics theW symmetry still stay rather mysterious and
need further detailed study. The Conformal Toda Field
Theory with real coupling constant is irrational CFT
which has a simple Lagrangian formulation and posses
this symmetry. In this letter we find some special set of
three-point correlation function of the exponential fields
in this theory, but general formula is not known for us
at present.
The action of the Conformal Toda Field Theory has
the form
A =
∫
d2x
(
1
8π
(∂ϕ)2 + µ
r∑
k=1
eb(ek,ϕ)
)
, (1)
1)e-mail: litvinov@itp.ac.ru
where ek are the simple roots of Lie algebra G and (ek, ϕ)
denotes the scalar product of the roots with r compo-
nent scalar field ϕ = (ϕ1, . . . , ϕr). We consider the case
G = sl(n), r = n − 1. The conserved holomorphic W
currents Wj which form closed W algebra in this case
have spins j = 2, ..., n and can be expressed in terms of
ϕ by the relation2)
n−1∏
i=0
(q∂ + (hn−i, ∂ϕ)) =
n∑
k=0
Wn−k(z)(q∂)
k, (2)
where q = b + 1/b and hk are the weights of the first
fundamental representation π1 of sl(n) with the high-
est weight ω1 : h1 = ω1, hk = ω1 − e1 − · · · − ek−1. In
particular, W0 = 1,W1 = 0 and
W2 = T (z) = −
1
2
(∂ϕ)2 + (Q, ∂2ϕ)
is the stress-energy tensor. Here Q = (b + 1/b)ρ with
ρ being the Weyl vector (half of the sum of all positive
roots). Primary fields of the W algebra are exponential
fields
Vα = e
(α,ϕ).
The main term of the operator product expansion
(OPE) of these fields with the currents Wk(z) defines
the quantum numbers w(k)(α)
Wk(z)Vα(z
′
) =
w(k)(α)Vα(z
′
)
(z − z′)k
+ . . . . (3)
2)This relation is known in the theory of integrable equations
as a Miura transformation [3].
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They are known explicitly and are symmetric under the
action of the Weyl groupW of the Lie algebra sl(n) [6]
w(k)(α) = w(k)s (α) ≡ w
(k)(Q+s(α−Q)), s ∈ W . (4)
In particular,
w(2)(α) = ∆(α) =
(α, 2Q− α)
2
is the conformal dimension of the field Vα. The equa-
tion (4) means that the fields connected via the action
of the Weyl groupW should coincide up to a multiplica-
tive constant
VQ+s(α−Q) = Rs(α)Vα. (5)
The reflection amplitude Rs(α) was found recently in
[7]. Completely degenerate fields which contain n − 1
null-vectors in their Verma moduli are parametrized by
two highest weights Ω1,Ω2 of the Lie algebra sl(n) and
correspond to α = −bΩ1 − Ω2/b [6]. In particular, it
follows from the definition of the fields Wj(z) (2) that
in the classical case(q → 1/b) the field V−bω1 satisfies
the differential equation of the order n [6]
n∑
k=0
Wn−k(z)(b
−1∂)kV−bω1 = 0. (6)
One can expect that in the quantum case such a holo-
morphic equation (6) should remain in a sense. It was
done for the sl(2) Toda or the Liouville Field Theory
in [8]. The precise statement is the following: all four-
point correlation functions that contain at least one de-
generate field satisfy an ordinary differential equation.
In particular, the correlation function with the degener-
ate field V−mb/2 satisfies the ordinary differential equa-
tion of orderm+1. The solution to this equation which
gives four point correlation function with one degener-
ate field V−mb/2 can be written in terms of functions
G
(c,d,g)
m (z) defined in [9, 10], 3)
〈V−mb2
(z, z¯)Va1(0)Va2(1)Va3(∞)〉 ∼
∼ |z|2mba1 |1− z|2mba2G(c,d,g)m (z),
where
c = b(a2 + a3 − a1 − 2Q+m/2),
d = b(a1 + a3 − a2 − 2Q+m/2),
g = −b(a1 + a3 + a2 − 2Q−m/2)
3)Here we use common Liouville normalization ∆(a) = a(2Q−
a) and 2Q = b+ 1/b.
and
G(c,d,g)m =
=
∫ m∏
i=1
d2ti|ti|
2c|ti − 1|
2d|ti − z|
2g
∏
i<j
|ti − tj |
−4b2 .
(7)
We will show below that in the general sl(n) case such
a statement is not valid and the additional restrictions
on αi should be imposed.
Let us assume now that n is general and consider a
four-point correlation function
Ψ(z) = 〈V−bω1(z)Vα1(z1)Vα2(z2)Vα3 (z3)〉. (8)
Here Vαk(zk) are some general primary fields and we
have omitted their z¯ dependence for simplicity. Let such
a function satisfies the order differential equation of the
order n
(
−∂n + P (z)∂n−1 + . . .
)
Ψ(z) = 0. (9)
Then it should have the following set of the canonical
solutions
Ψjk(z) = (z − zk)
ρj
k (1 + . . . ) (10)
where the numbers ρjk = ∆(αk−bhj)−∆(αk)−∆(−bω1)
are known from the OPE [6]
V−bω1(z, z¯)Vαk(0, 0) =
=
n∑
j=1
C
αk−bhj
−bω1, αk
(
|z|2ρ
j
kVαk−bhj (0, 0) + . . .
)
.
Here Cαk−bhk
−bω1, αk
are the structure constants of the op-
erator algebra and . . . mean the contribution of the
descendants fields. Using (10) one obtains the main
asymptotic of P (z)
P (z) =
3∑
k=1
pk
z − zk
+ . . .
with
pk =
n∑
j=1
ρjk −
1
2
n(n− 1).
On the other hand, Ψ(z) should satisfy projective Ward
identities. It means that its z−dependence is very spe-
cial
Ψ(z) ∼
Ψ(x)
(z − z2)2∆(−bω1)
, x =
z23
z13
z − z1
z − z2
. (11)
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The equations (9) and (11) are compatible if
3∑
k=1
pk = (n
2 − 1)b2. (12)
In the case under consideration(all αi are general) we
find that
pk =
1
2
n(n− 1)b2 k = 1, 2, 3.
Unfortunately (12) is satisfied only for n = 2. And this
is the reason why the differential equation in the Liou-
ville Field Theory exists.
One can notice that this difficulty is solved if we sup-
pose that α3 = κωn−1. Then only two fields appear in
the OPE4)
V−bω1Vκωn−1 =
[
Vκωn−1−bh1
]
+
[
Vκωn−1−bhn
]
.
Now p3 = (n − 1)b
2 and p1, p2 remain unchanged. It
compensates the balance in the sum
∑
pk and (12) is
satisfied. In this case one can write down the differential
equation explicitly. Namely, defining a new function
〈V−bω1(x)Vα1 (0)Vα2 (∞)Vκωn−1(1)〉 =
= |x|2b(α1,h1)|1− x|2
bκ
n G(x, x¯), (13)
where G(x, x¯) satisfies generalized Pochgammer hyper-
geometric equation
[x(x∂ +A1) . . . (x∂ +An)−
−(x∂ +B1 − 1) . . . (x∂ + Bn−1 − 1)x∂]G(x, x¯) = 0
(14)
with
Ak =
bκ
n
−
n− 1
n
b2 + b(α1 −Q, h1) + b(α2 −Q, hk)
and
Bk = 1 + b(α1 −Q, h1 − hk+1).
Of course, the same equation is valid if we change x→ x¯.
The simultaneous single-valued solution to the both
equations is unique up to a multiplicative constant and
has a simple integral representation
G(x, x¯) =
∫ n−1∏
i=1
d2ti |ti|
2ci |ti − ti+1|
2di |t1 − x|
2g
,
(15)
where tn = 1 and
ci = Ai −Bi, di = Bi −Ai+1 − 1, g = −A1.
4)It follows from the explicit formula for C
α−bhk
−bω1, α
(20).
Now let us explore (15) to obtain the three-point
correlation function of the primary fields
C(α1, α2, α3) = |z12|
2γ12 |z13|
2γ13 |z23|
2γ23×
× 〈Vα1(z1, z¯1)Vα2 (z2, z¯2)Vα3(z3, z¯3)〉, (16)
where γij can be found in [8]. We can rewrite (13) using
s−channel OPE decomposition
〈V−bω1(x)Vα1 (0)Vα2(∞)Vκωn−1(1)〉 =
=
n∑
j=1
C
α1−bhj
−bω1, α1
C(α1 − bhj , α2, κωn−1) |Ψj(x)|
2
,
(17)
with Ψj = x
b(α1,h1)(1 − x)
bκ
n Gj(x) . The functions
Gj(x) are expressed in terms of generalized hyperge-
ometric functions of the type (n, n− 1) [11]
F
(
A1 ... An
B1 ... Bn−1
∣∣∣∣x
)
= 1 +
A1 . . . An
B1 . . . Bn−1
x+
+
A1(A1 + 1) . . . An(An + 1)
B1(B1 + 1) . . . Bn−1(Bn−1 + 1)
x2
2
+ . . . ,
as
G1(x) = F
(
A1 ... An
B1 ... Bn−1
∣∣∣∣x
)
,
G2(x) = x
1−B1F
(
1−B1+A1 ... 1−B1+An
2−B1 ... 1−B1+Bn−1
∣∣∣∣x
)
,
. . . . . . . . . . . .
. . . . . . . . . . . .
Gn(x) = x
1−Bn−1F
(
1−Bn−1+A1 ... 1−Bn−1+An
1−Bn−1+B1 ... 2−Bn−1
∣∣∣∣x
)
.
The ratio of the coefficients before |Ψj(x)|
2 in (17) can
be found from the integral representation (15) explicitly
in terms of the γ-functions, γ(x) = Γ(x)Γ(1−x)
Cα1−bh1
−bω1, α1
C(α1 − bh1, α2, κωn−1)
Cα1−bhk
−bω1, α1
C(α1 − bhk, α2, κωn−1)
=
=
n∏
j=1
γ(Aj)γ(Bk−1 −Aj)
γ(Bj)γ(Bk−1 −Bj)
. (18)
Here we have set B0 = Bn = 1. The structure constants
Cα1−bhk
−bω1, α1
admit the free-field representation [12]
Cα1−bhk
−bω1, α1
= (−µ)k−1∫
〈V−bω1(0)Vα1 (1)V2Q−α1+bhk(∞)
k−1∏
i=1
Vbei (zi)d
2zi〉0.
(19)
4 V.A. Fateev , A.V. Litvinov
The expectation value in (19) is taken using the Wick
rules in the theory of a free massless scalar field. This
integral can be calculated explicitly
Cα1−bhk
−bω1, α1
=
(
−
πµ
γ(−b2)
)k−1
×
×
k−1∏
i=1
γ(b(α1 −Q, hi − hk))
γ(1 + b2 + b(α1 −Q, hi − hk))
. (20)
The equation (18) together with (20) give us the
set of functional relations for the three-point function
C(α1, α2,κωn−1). There is another ”dual” set of equa-
tions with b replaced by 1/b. One can readily solve them
C(α1, α2,κωn−1) =
[
πµγ(b2)b2−2b
2
] (2Q−∑ αi,ρ)
b
×
(Υ0)
n−1Υ(κ)
∏
e>0
Υ((Q− α1, e))Υ((Q − α2, e))∏
ij
Υ
(
κ
n + (α1 −Q, hi) + (α2 −Q, hj)
) , (21)
here Υ(x) is entire selfdual function defined in [13],
which satisfies the relations
Υ(x+ b) = γ(bx)b1−2bxΥ(x),
Υ(x+ 1/b) = γ(x/b)b2x/b−1Υ(x).
with normalization condition Υ(1/2(b+ 1/b)) = 1, and
Υ0 =
dΥ(x)
dx
∣∣∣∣
x=0
.
Such a function has a semisimple limit [14]
Υ(by) −→
Υ0b
1−y
Γ(y)
as b −→ 0. (22)
In the numerator of (21) the product goes over all pos-
itive roots of the sl(n) and in (2Q −
∑
αi, ρ) the sum
includes α1, α2 and κωn−1.
We propose (21) as an exact three-point function
in Conformal Toda Field Theory. Of course, the same
as above is true if we consider α3 = κω1. The an-
swer would be the same as (21), but one should use the
weights of the fundamental representation πn−1 instead
of π1.
Several simple checks of (21) can be made. In par-
ticular the reflection with respect to the Weyl group
W : α1 → Q + s(α1 − Q) : s ∈ W gives the reflection
amplitude
C(Q+s(α1−Q), α2,κωn−1) = Rs(α1)C(α1, α2,κωn−1),
with
Rs(α) =
As(α)
A(α)
, (23)
where
A(α) =
(
πµγ(b2)
) (α−Q,ρ)
b ×
×
∏
e>0
Γ(1− b(α−Q, e))Γ(1− (α−Q, e)/b).
The result (23) was obtained previously in [7].
If the parameters in (21) satisfy the screening con-
dition
α1 + α2 + κωn−1 + b
n−1∑
i=1
liei = 2Q
with some non-negative integer numbers li, (21) should
have a multiple pole of the order n− 1 with the residue
being expressed in terms of a free field integral [15].
Such an integral was calculated for the Liouville case
in [9, 10]. The general sl(n) case was done recently [16]
and the result agrees with (21).
It is interesting to consider the semiclassical limit
b→ 0. In this limit in the Hamiltonian picture, associ-
ated with radial quantization, we take into account only
the zero modes dynamics (minisuperspace approach)
[17, 18]. In this approximation the state created by op-
erator VQ+iPj corresponds to wave function
VQ+iPj → ΨPj (x),
where x is a zero mode of field ϕ. The function ΨP (x)
(sl(n) Whittaker function) satisfy Scro¨dinger equation(
−∇2x + 8πµ
n−1∑
i=1
eb(eix)
)
ΨP (x) = P
2ΨP (x), (24)
and in the region (ei, x) < 0 (Weyl chamber) posses the
asymptotic
ΨP (x) ∼ exp(i(P, x)) +
∑
s∈W
Ss(P ) exp(i(s(P ), x)),
where the sum runs over all elements of the Weyl
group W besides identical and the coefficients Ss(P )
are known exactly [19]5). The minisuperspace approxi-
mation is valid if Pj/b are fixed. If we take κ = ibs and
Pi = ibpi then the semiclassical limit of the three-point
correlation function should be given by the integral
C(Q + ibp1, Q+ ibp2, bsωn−1) −→
−→
∫
d~xΨbp1(x)Ψbp2 (x)e
ibs(ωn−1,x). (25)
5)Note also, that Ss(P ) can be obtained from the reflection
amplitude Rs(Q + iP ) in semiclassical limit b→ 0.
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The theory of the sl(n) Whittaker functions has some
long history. In particular an explicit integral represen-
tation for these functions exists [20–22]. Resent progress
was done in [23], where the integral in the right hand
side of (25) was calculated
∫
d~xΨbp1(x)Ψbp2(x)e
ibs(ωn−1,x) =
=
1
bn−1
(πµ
b2
)−i(s (n−1)2 +(p1+p2,ρ))
×
×
∏
ij
Γ
(
is
n + i(p1, hi) + i(p2, hj)
)
Γ(is)
∏
e>0
Γ(−i(p1, e))Γ(−i(p2, e))
. (26)
We note that the result (26) coincides exactly with the
corresponding limit of the three-point function (21).
Unfortunately, the integral (26) with arbitrary parame-
ter of the Fourier transform is more complicated object
and its analytical expression is still unknown. In quan-
tum case this integral corresponds to the semiclassical
limit of general three-point function(with all αi being
arbitrary). We suppose to investigate the general situ-
ation in more details in future publications.
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